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Governing Equations

• Conservation of Mass :

𝜕 𝜌𝐴

𝜕𝑡
+
𝜕 𝜌𝑢𝐴

𝜕𝑥
= 0

• Conservation of Momentum :

𝜕 𝜌𝑢𝐴

𝜕𝑡
+
𝜕 𝜌𝑢2 + 𝑝 𝐴

𝜕𝑥
− 𝑝

𝑑𝐴

𝑑𝑥
= 0

• Conservation of Energy :

𝜕 𝜌𝑒𝑇𝐴

𝜕𝑡
+
𝜕 𝜌𝑒𝑇 + 𝑝 𝑢𝐴

𝜕𝑥
= 0
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Governing Equations- Non Dimensional

• Conservation of Mass :

𝜕 ҧ𝜌 ҧ𝐴

𝜕 ҧ𝑡
+
𝜕 ҧ𝜌ത𝑢 ҧ𝐴

𝜕 ҧ𝑥
= 0

• Conservation of Momentum :

𝜕 ҧ𝜌ത𝑢 ҧ𝐴

𝜕 ҧ𝑡
+

𝜕

𝜕 ҧ𝑥
ҧ𝜌 ҧ𝐴 ത𝑢2 +

ത𝑇

𝛾
−

ҧ𝜌 ത𝑇

𝛾

𝑑 ҧ𝐴

𝑑 ҧ𝑥
= 0

• Conservation of Energy :
𝜕

𝜕 ҧ𝑡
ҧ𝜌 ҧ𝑒𝑇 ҧ𝐴 +

𝜕

𝜕 ҧ𝑥
ҧ𝜌 ത𝑢 ҧ𝐴 ҧ𝑒𝑇 + ത𝑇 = 0

Where ҧ𝑒𝑇 ≝
ҧ𝑒

𝛾−1
+

𝛾

2
ത𝑢2
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Vector Form
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𝜕𝑈

𝜕𝑡
+

𝜕𝐹

𝜕𝑥
− 𝐺 = 0

Where the vectors, U, F and G are defined as

𝑈 =

𝜌𝐴

𝜌𝑢𝐴

𝜌𝑒𝑇𝐴

, 𝐹 =

𝜌𝑢𝐴

𝜌𝐴 𝑢2 +
𝑇

𝛾

𝜌𝑢𝐴 𝑒𝑇 + 𝑇

, 𝐺 =

0

𝜌𝑇

𝛾

𝑑𝐴

𝑑𝑥

0
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𝐴 𝑥 = 1.0 + 2.2(𝑥 − 1.5)2

Problem ID1: Anderson Nozzle Isentropic Flow

Initial Conditions

𝜌

𝑢

𝑇
𝑥𝑏𝑎𝑟

𝑡=0

=

1.0

ൗ0.59
𝜌𝐴

1.0
𝑥𝑏𝑎𝑟

0 ≤ 𝑥𝑏𝑎𝑟 < 0.5

𝜌

𝑢

𝑇
𝑥𝑏𝑎𝑟

𝑡=0

=

1.0 − 0.366 𝑥𝑏𝑎𝑟 − 0.5

ൗ0.59
𝜌𝐴

1.0 − 0.167 𝑥𝑏𝑎𝑟 − 0.5
𝑥𝑏𝑎𝑟

0.5 ≤ 𝑥𝑏𝑎𝑟 < 1.5

𝜌

𝑢

𝑇
𝑥𝑏𝑎𝑟

𝑡=0

=

0.634 − 0.3879 𝑥𝑏𝑎𝑟 − 1.5

ൗ0.59
𝜌𝐴

0.833 − 0.3507 𝑥𝑏𝑎𝑟 − 1.5
𝑥𝑏𝑎𝑟

𝑥𝑏𝑎𝑟 ≥ 1.5
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Quasi 1-D Problems
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𝐴 𝑥 = 1.0 + 2.2(𝑥 − 1.5)2

Problem ID1: Anderson Nozzle Isentropic Flow

TFAWS 2017 – August 21-25, 2017

Quasi 1-D Problems

Inflow Conditions

𝜌

𝑢

𝑇
𝑖=1

𝑡

=

1.0

2.0𝑢2 − 𝑢3

1.0

𝜌

𝑢

𝑇
𝑖𝑚𝑎𝑥

𝑛

=

2.0𝜌 𝑖𝑚𝑎𝑥−1 − 𝜌 𝑖𝑚𝑎𝑥−2

2.0𝑢 𝑖𝑚𝑎𝑥−1 − 𝑢 𝑖𝑚𝑎𝑥−2

2.0𝑇 𝑖𝑚𝑎𝑥−1 − 𝑇 𝑖𝑚𝑎𝑥−2

Outflow Conditions
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𝐴 𝑥 = 1.0 + 2.2(𝑥 − 1.5)2

Problem ID2: Anderson Nozzle Shock Flow

Initial Conditions

𝜌

𝑢

𝑇
𝑥𝑏𝑎𝑟

𝑡=0

=

1.0

ൗ0.59
𝜌𝐴

1.0
𝑥𝑏𝑎𝑟

0 ≤ 𝑥𝑏𝑎𝑟 < 0.5

𝜌

𝑢

𝑇
𝑥𝑏𝑎𝑟

𝑡=0

=

1.0 − 0.366 𝑥𝑏𝑎𝑟 − 0.5

ൗ0.59
𝜌𝐴

1.0 − 0.167 𝑥𝑏𝑎𝑟 − 0.5
𝑥𝑏𝑎𝑟

0.5 ≤ 𝑥𝑏𝑎𝑟 < 1.5

𝜌

𝑢

𝑇
𝑥𝑏𝑎𝑟

𝑡=0

=

0.634 − 0.3879 𝑥𝑏𝑎𝑟 − 1.5

ൗ0.59
𝜌𝐴

0.833 − 0.3507 𝑥𝑏𝑎𝑟 − 1.5
𝑥𝑏𝑎𝑟

𝑥𝑏𝑎𝑟 ≥ 1.5

TFAWS 2017 – August 21-25, 2017

Quasi 1-D Problems
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𝐴 𝑥 = 1.0 + 2.2(𝑥 − 1.5)2

Problem ID2: Anderson Nozzle Shock Flow

TFAWS 2017 – August 21-25, 2017

Quasi 1-D Problems

Inflow Conditions

Outflow Conditions

𝜌

𝑢

𝑇
𝑖=1

𝑡

=

1.0

2.0𝑢2 − 𝑢3

1.0

𝜌

𝑢

𝑇
𝑖𝑚𝑎𝑥

𝑡

=

𝜌
𝑖𝑚𝑎𝑥−1

0.1520

𝑇𝑖𝑚𝑎𝑥−1
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𝐴 𝑥 = 1.0 + 5.3 𝑎𝑏𝑠| 𝑥 − 1.5 |

Problem ID3: Absolute Nozzle Isentropic Flow

Initial Conditions

𝜌

𝑢

𝑇
𝑥𝑏𝑎𝑟

𝑡=0

=

1.0

ൗ0.59
𝜌𝐴

1.0
𝑥𝑏𝑎𝑟

0 ≤ 𝑥𝑏𝑎𝑟 < 0.5

𝜌

𝑢

𝑇
𝑥𝑏𝑎𝑟

𝑡=0

=

1.0 − 0.366 𝑥𝑏𝑎𝑟 − 0.5

ൗ0.59
𝜌𝐴

1.0 − 0.167 𝑥𝑏𝑎𝑟 − 0.5
𝑥𝑏𝑎𝑟

0.5 ≤ 𝑥𝑏𝑎𝑟 < 1.5

𝜌

𝑢

𝑇
𝑥𝑏𝑎𝑟

𝑡=0

=

0.634 − 0.3879 𝑥𝑏𝑎𝑟 − 1.5

ൗ0.59
𝜌𝐴

0.833 − 0.3507 𝑥𝑏𝑎𝑟 − 1.5
𝑥𝑏𝑎𝑟

𝑥𝑏𝑎𝑟 ≥ 1.5
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Quasi 1-D Problems
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𝐴 𝑥 = 1.0 + 5.3 𝑎𝑏𝑠| 𝑥 − 1.5 |

Problem ID3: Absolute Nozzle Isentropic Flow

TFAWS 2017 – August 21-25, 2017

Quasi 1-D Problems

Inflow Conditions

𝜌

𝑢

𝑇
𝑖=1

𝑡

=

1.0

2.0𝑢2 − 𝑢3

1.0

𝜌

𝑢

𝑇
𝑖𝑚𝑎𝑥

𝑛

=

2.0𝜌 𝑖𝑚𝑎𝑥−1 − 𝜌 𝑖𝑚𝑎𝑥−2

2.0𝑢 𝑖𝑚𝑎𝑥−1 − 𝑢 𝑖𝑚𝑎𝑥−2

2.0𝑇 𝑖𝑚𝑎𝑥−1 − 𝑇 𝑖𝑚𝑎𝑥−2

Outflow Conditions



11

𝐴 𝑥 = 1.0 + 5.3 𝑎𝑏𝑠| 𝑥 − 1.5 |

Problem ID4: Absolute Nozzle Isentropic Flow

Initial Conditions

𝜌

𝑢

𝑇
𝑥𝑏𝑎𝑟

𝑡=0

=

1.0

ൗ0.59
𝜌𝐴

1.0
𝑥𝑏𝑎𝑟

0 ≤ 𝑥𝑏𝑎𝑟 < 0.5

𝜌

𝑢

𝑇
𝑥𝑏𝑎𝑟

𝑡=0

=

1.0 − 0.366 𝑥𝑏𝑎𝑟 − 0.5

ൗ0.59
𝜌𝐴

1.0 − 0.167 𝑥𝑏𝑎𝑟 − 0.5
𝑥𝑏𝑎𝑟

0.5 ≤ 𝑥𝑏𝑎𝑟 < 1.5

𝜌

𝑢

𝑇
𝑥𝑏𝑎𝑟

𝑡=0

=

0.634 − 0.3879 𝑥𝑏𝑎𝑟 − 1.5

ൗ0.59
𝜌𝐴

0.833 − 0.3507 𝑥𝑏𝑎𝑟 − 1.5
𝑥𝑏𝑎𝑟

𝑥𝑏𝑎𝑟 ≥ 1.5
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Quasi 1-D Problems
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𝐴 𝑥 = 1.0 + 5.3 𝑎𝑏𝑠| 𝑥 − 1.5 |

Problem ID4: Absolute Nozzle Isentropic Flow

TFAWS 2017 – August 21-25, 2017

Quasi 1-D Problems

Inflow Conditions

Outflow Conditions

𝜌

𝑢

𝑇
𝑖=1

𝑡

=

1.0

2.0𝑢2 − 𝑢3

1.0

𝜌

𝑢

𝑇
𝑖𝑚𝑎𝑥

𝑡

=

𝜌
𝑖𝑚𝑎𝑥−1

0.1520

𝑇𝑖𝑚𝑎𝑥−1
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𝐴 𝑥 = 1.0 + 2.2 𝑥 − 1.50 2 𝑓𝑜𝑟 𝑥 ≤ 1.5
𝐴 𝑥 = 1.0 + 0.2223 𝑥 − 1.50 2 𝑓𝑜𝑟 𝑥 > 1.5

Problem ID5: Feng Nozzle Isentropic Flow

Initial Conditions

𝜌

𝑢

𝑇
𝑥𝑏𝑎𝑟

𝑡=0

=

1.0

ൗ0.59
𝜌𝐴

1.0
𝑥𝑏𝑎𝑟

0 ≤ 𝑥𝑏𝑎𝑟 < 0.5

𝜌

𝑢

𝑇
𝑥𝑏𝑎𝑟

𝑡=0

=

1.0 − 0.366 𝑥𝑏𝑎𝑟 − 0.5

ൗ0.59
𝜌𝐴

1.0 − 0.167 𝑥𝑏𝑎𝑟 − 0.5
𝑥𝑏𝑎𝑟

0.5 ≤ 𝑥𝑏𝑎𝑟 < 1.5

𝜌

𝑢

𝑇
𝑥𝑏𝑎𝑟

𝑡=0

=

0.634 − 0.3879 𝑥𝑏𝑎𝑟 − 1.5

ൗ0.59
𝜌𝐴

0.833 − 0.3507 𝑥𝑏𝑎𝑟 − 1.5
𝑥𝑏𝑎𝑟

𝑥𝑏𝑎𝑟 ≥ 1.5
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Quasi 1-D Problems
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𝐴 𝑥 = 1.0 + 2.2 𝑥 − 1.50 2 𝑓𝑜𝑟 𝑥 ≤ 1.5
𝐴 𝑥 = 1.0 + 0.2223 𝑥 − 1.50 2 𝑓𝑜𝑟 𝑥 > 1.5

Problem ID5: Feng Nozzle Isentropic Flow

TFAWS 2017 – August 21-25, 2017

Quasi 1-D Problems

Inflow Conditions

Outflow Conditions

𝜌

𝑢

𝑇
𝑖=1

𝑡

=

1.0

2.0𝑢2 − 𝑢3

1.0

𝜌

𝑢

𝑇
𝑖𝑚𝑎𝑥

𝑛

=

2.0𝜌 𝑖𝑚𝑎𝑥−1 − 𝜌 𝑖𝑚𝑎𝑥−2

2.0𝑢 𝑖𝑚𝑎𝑥−1 − 𝑢 𝑖𝑚𝑎𝑥−2

2.0𝑇 𝑖𝑚𝑎𝑥−1 − 𝑇 𝑖𝑚𝑎𝑥−2
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𝐴 𝑥 = 1.0 + 2.2 𝑥 − 1.50 2 𝑓𝑜𝑟 𝑥 ≤ 1.5
𝐴 𝑥 = 1.0 + 0.2223 𝑥 − 1.50 2 𝑓𝑜𝑟 𝑥 > 1.5

Problem ID6: Feng Nozzle Shock Flow

Initial Conditions

𝜌

𝑢

𝑇
𝑥𝑏𝑎𝑟

𝑡=0

=

1.0

ൗ0.59
𝜌𝐴

1.0
𝑥𝑏𝑎𝑟

0 ≤ 𝑥𝑏𝑎𝑟 < 0.5

𝜌

𝑢

𝑇
𝑥𝑏𝑎𝑟

𝑡=0

=

1.0 − 0.366 𝑥𝑏𝑎𝑟 − 0.5

ൗ0.59
𝜌𝐴

1.0 − 0.167 𝑥𝑏𝑎𝑟 − 0.5
𝑥𝑏𝑎𝑟

0.5 ≤ 𝑥𝑏𝑎𝑟 < 1.5

𝜌

𝑢

𝑇
𝑥𝑏𝑎𝑟

𝑡=0

=

0.634 − 0.3879 𝑥𝑏𝑎𝑟 − 1.5

ൗ0.59
𝜌𝐴

0.833 − 0.3507 𝑥𝑏𝑎𝑟 − 1.5
𝑥𝑏𝑎𝑟

𝑥𝑏𝑎𝑟 ≥ 1.5

TFAWS 2017 – August 21-25, 2017

Quasi 1-D Problems
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𝐴 𝑥 = 1.0 + 2.2 𝑥 − 1.50 2 𝑓𝑜𝑟 𝑥 ≤ 1.5
𝐴 𝑥 = 1.0 + 0.2223 𝑥 − 1.50 2 𝑓𝑜𝑟 𝑥 > 1.5

Problem ID6: Feng Nozzle Shock Flow

TFAWS 2017 – August 21-25, 2017

Quasi 1-D Problems

Inflow Conditions

Outflow Conditions

𝜌

𝑢

𝑇
𝑖=1

𝑡

=

1.0

2.0𝑢2 − 𝑢3

1.0

𝜌

𝑢

𝑇
𝑖𝑚𝑎𝑥

𝑛

=

𝜌 𝑖𝑚𝑎𝑥−1

0.48

𝑇 𝑖𝑚𝑎𝑥−1
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𝐴 𝑥 = 1.5643 + 0.3883tanh(8𝑥 − 4)

Problem ID7: Hoffmann Nozzle Isentropic flow

Initial Conditions

TFAWS 2017 – August 21-25, 2017

Quasi 1-D Problems

𝜌

𝑢

𝑇
𝑖

𝑡=0

=

0.395

1.5 × 0.6897

0.6897

0 ≤ 𝑋𝑏𝑎𝑟 ≤ 1
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𝐴 𝑥 = 1.5643 + 0.3883tanh(8𝑥 − 4)

Problem ID7: Hoffmann Nozzle Isentropic flow

TFAWS 2017 – August 21-25, 2017

Quasi 1-D Problems

Outflow Conditions

𝜌

𝑢

𝑇
1

=

0.395

1.5 × 0.6897

0.6897

𝜌

𝑢

𝑇
𝐼𝑚𝑎𝑥

𝑛

= 2

𝜌

𝑢

𝑇
𝐼𝑚𝑎𝑥−1

𝑛

−

𝜌

𝑢

𝑇
𝐼𝑚𝑎𝑥−2

𝑛

Inflow Conditions



19

𝐴 𝑥 = 1.5643 + 0.3883tanh(8𝑥 − 4)

Problem ID8: Hoffmann Nozzle Shock flow

Initial Conditions

TFAWS 2017 – August 21-25, 2017

Quasi 1-D Problems

𝜌

𝑢

𝑇
𝑖

𝑡=0

=

0.395

1.5 × 0.6897

0.6897

0 ≤ 𝑋𝑏𝑎𝑟 ≤ 1
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𝐴 𝑥 = 1.5643 + 0.3883tanh(8𝑥 − 4)

Problem ID8: Hoffmann Nozzle Shock flow

TFAWS 2017 – August 21-25, 2017

Quasi 1-D Problems

Outflow Conditions

𝜌

𝑢

𝑇
1

=

0.395

1.5 × 0.6897

0.6897

Inflow Conditions

𝜌

𝑢

𝑇
𝐼𝑚𝑎𝑥

𝑛

=

𝜌 𝑖𝑚𝑎𝑥−1

0.5081 × 𝑇𝑖𝑚𝑎𝑥

𝜌 𝑖𝑚𝑎𝑥−1
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𝐴 𝑥 = 2.0 𝑓𝑜𝑟 − 1.0 ≤ 𝑥 < −0.5 , 0.5 ≤ 𝑥 ≤ 1.0
𝐴 𝑥 = 1.0 + 𝑠𝑖𝑛2 𝜋𝑥 𝑓𝑜𝑟 − 0.5 ≤ 𝑥 < 0.5 ,

Problem ID9 : Feng 2nd Nozzle Isentropic Flow

Initial Conditions
𝜌

𝑢

𝑇
𝑥𝑏𝑎𝑟

𝑡=0

=

1.0

0.3

1.0
𝑥𝑏𝑎𝑟

𝑥𝑏𝑎𝑟 < −0.5

𝜌

𝑢

𝑇
𝑥𝑏𝑎𝑟

𝑡=0

=

1.0 − 0.366 𝑥𝑏𝑎𝑟 − 0.5

0.7

1.0 − 0.167 𝑥𝑏𝑎𝑟 − 0.5
𝑥𝑏𝑎𝑟

− 0.5 ≤ 𝑥𝑏𝑎𝑟 < 0.5

𝜌

𝑢

𝑇
𝑥𝑏𝑎𝑟

𝑡=0

=

0.634 − 0.3879 𝑥𝑏𝑎𝑟 − 1.5

1.5

0.833 − 0.3507 𝑥𝑏𝑎𝑟 − 1.5
𝑥𝑏𝑎𝑟

0.5 ≤ 𝑥𝑏𝑎𝑟 ≤ 1.0

Quasi 1-D Problems
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𝐴 𝑥 = 2.0 𝑓𝑜𝑟 − 1.0 ≤ 𝑥 < −0.5 , 0.5 ≤ 𝑥 ≤ 1.0
𝐴 𝑥 = 1.0 + 𝑠𝑖𝑛2 𝜋𝑥 𝑓𝑜𝑟 − 0.5 ≤ 𝑥 < 0.5 ,

Problem ID9: Feng 2nd Nozzle Isentropic Flow

Inflow Conditions

𝜌

𝑢

𝑇
𝑖=1

𝑡

=

1.0

2.0𝑢2 − 𝑢3

1.0

𝜌

𝑢

𝑇
𝑖𝑚𝑎𝑥

𝑛

=

2.0𝜌 𝑖𝑚𝑎𝑥−1 − 𝜌 𝑖𝑚𝑎𝑥−2

2.0𝑢 𝑖𝑚𝑎𝑥−1 − 𝑢 𝑖𝑚𝑎𝑥−2

2.0𝑇 𝑖𝑚𝑎𝑥−1 − 𝑇 𝑖𝑚𝑎𝑥−2

Outflow Conditions

Quasi 1-D Problems
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𝐴 𝑥 = 2.0 𝑓𝑜𝑟 − 1.0 ≤ 𝑥 < −0.5 , 0.5 ≤ 𝑥 ≤ 1.0
𝐴 𝑥 = 1.0 + 𝑠𝑖𝑛2 𝜋𝑥 𝑓𝑜𝑟 − 0.5 ≤ 𝑥 < 0.5

Problem ID10: Feng 2nd Nozzle Shock Flow

Initial Conditions
𝜌

𝑢

𝑇
𝑥𝑏𝑎𝑟

𝑡=0

=

1.0

0.3

1.0
𝑥𝑏𝑎𝑟

𝑥𝑏𝑎𝑟< −0.5

𝜌

𝑢

𝑇
𝑥𝑏𝑎𝑟

𝑡=0

=

1.0 − 0.366 𝑥𝑏𝑎𝑟 − 0.5

0.7

1.0 − 0.167 𝑥𝑏𝑎𝑟 − 0.5
𝑥𝑏𝑎𝑟

− 0.5 ≤ 𝑥𝑏𝑎𝑟 < 0.5

𝜌

𝑢

𝑇
𝑥𝑏𝑎𝑟

𝑡=0

=

0.634 − 0.3879 𝑥𝑏𝑎𝑟 − 1.5

1.5

0.833 − 0.3507 𝑥𝑏𝑎𝑟 − 1.5
𝑥𝑏𝑎𝑟

0.5 ≤ 𝑥𝑏𝑎𝑟 ≤ 1.0

Quasi 1-D Problems
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𝐴 𝑥 = 2.0 𝑓𝑜𝑟 − 1.0 ≤ 𝑥 < −0.5 , 0.5 ≤ 𝑥 ≤ 1.0
𝐴 𝑥 = 1.0 + 𝑠𝑖𝑛2 𝜋𝑥 𝑓𝑜𝑟 − 0.5 ≤ 𝑥 < 0.5 ,

Problem ID10: Feng 2nd Nozzle Shock Flow

Inflow Conditions

𝜌

𝑢

𝑇
𝑖=1

𝑡

=

1.0

2.0𝑢2 − 𝑢3

1.0

𝜌

𝑢

𝑇
𝑖𝑚𝑎𝑥

𝑛

=

𝜌 𝑖𝑚𝑎𝑥−1

0.43

𝑇 𝑖𝑚𝑎𝑥−1

Outflow Conditions

Quasi 1-D Problems



Locations where Exact Solutions are known

ൗ𝑇0 𝑇∗ , ൗ𝑃0
𝑃∗ , 𝑀∗

𝑻𝟎 𝑖𝑠 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡, ሶ𝒎 𝑖𝑠 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡

• Pointwise (Throat)

• Distributed ( Entire Nozzle )



Problem ID1 and ID2
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Problem ID3 and ID4
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Problems ID5 and ID6
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Problem ID7 and ID8
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Problem ID9 and ID10
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Problem ID1 and ID2
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Problem ID3 and ID4
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Problem ID5 and ID6
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Problem ID7 and ID8
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Problem ID9 and ID10



TFAWS 2017 – August 21-25, 2017 37

Grid IndependenceGrid Comparison
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Grid IndependenceGrid Comparison
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Table 1. Table of Error for Isentropic Problems
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Table 2. Table of Error for Shock Problems



CONCLUSIONS

• The results show that the maximum error was 6.78% 

and occurred at the throat of the nozzle with an acute 

throat gradient.

• The standard solution can therefore be used in place of 

an analytical solution for the purpose of error analysis
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